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The Josephson relation is generalized for conserved charges in multi-component bosons. With
linear response theory, a formula for derivation of generalized superfluid density is given. When
there are several conserved charges, the superfluid density is generally a second order tensor in
internal spin space. When the rank of Green’s function matrix is one, Josephson relation is given
explicitly with phase operator method. For two-component bosons, with quantum field theory, we
show a generalized Hugenholtz-Pines relation hold and existence of two gapless phonons. When the
interactions are U(2) invariant, we show there is a gapless quadratic dispersion excitation no matter
how strong the interactions are. The corresponding generalized Josephson relation is expressed with
Green’s function matrix elements.
PACS numbers: 03.75.Kk, 03.75.Mn, 05.30.Jp, 67.85.De
I. INTRODUCTION
Bose-Einstein condensation (BEC) and superfluidity
are two closely related phenomenons in Bose quantum
liquid at low temperature [1, 2]. Generally speaking,
condensate density is not equal to superfluid density in
interacting bosons [3, 4]. B. D. Josephson derived a re-
markable relation between the superfluid density ρs and
condensate density n0 (the so-called Josephson relation)
which hold no matter whether the system is at zero or
finite temperature [5–7]
ρs = −limq→0 n0m
q2G(q, 0)
, (1)
where G(q, 0) is normal Green’s function at zero fre-
quency, m is particle mass. The above Josephson relation
in superfluid system can be viewed as a manifestation
of Bogoliubov’s “1/q2” theorem for Green’s function in
spontaneous symmetry breaking system [8, 9]. It also has
close connections with the absence of long ranged order
(e.g., condensation) at finite temperature in one and two
dimensions [10]. Such relation had been applied to the
Bose-Einstein condensate near critical temperature Tc of
condensation transition to get the scaling law of super-
fluid density [11]. The relation has been re-derived using
various methods [12–14] and its possible generalization
in fermion BCS-BEC crossover [15] and disordered su-
perfluid system [16] has been investigated .
Multi-component Bose-Einstien condensate (spinor-
BEC) has been predicted and realized in optically
trapped alkali metal atomic gas [17–19], dependent on
interaction and external Zeeman field, which can show
various ground state phases [20]. Another interesting
example of multiple component bosons is the spin-orbit
coupled Bose-Einstein condensate [21]. It is shown that,
because of breaking of Galilean invariance and presence
of up branch excitation, even at zero temperature, there
exists a finite normal density. Consequently the super-
fluid density is suppressed significantly [22, 23]. All the
multiple-component bosons are expected to show super-
fluid behaviors at low temperature. Above these ground
states, the collective modes are characterized by density
or spin oscillations. In general, the mass current and spin
current may coexist in multi-component bosons. Natu-
rally, one important question arises: how to generalize
the definition for superfluid density in multiple compo-
nent bosons. Furthermore, how to generalize the Joseph-
son relation for generalized spins (conserved charges) in
multi-component system.
In order to resolve above questions, in this work, from
linear response theory, we give a general definition of
superfluid density ρs and generalize Josephson relation
for conserved charges in multi-component bosonic sys-
tem. Furthermore, we illustrate above discusses by sev-
eral specific examples. The paper is organized as follows.
In Section. II, we give a review of the derivations of
Josephson relation in usual single component bosons. In
order to generalize the Josephson relation, from the lin-
ear response theory, we give a general formula in Section.
III. In Sec. IV, based on the general formula, we give
several examples to illustrate above results. A summary
is given in Sec. V.
II. REVIEW OF JOSEPHSON RELATION IN
USUAL SINGLE-COMPONENT BOSONS
In the rest of paper, we take m = ~ = V = 1, where m
is particle mass, V is volume of system. The Josephson
relation gives a connection of superfluid density ρs, con-
densate density n0 and single particle Green’s function
at zero frequency and low momentum limit [10, 14, 20]
ρs = −limq→0 n0
q2G(q, 0)
, (2)
where single particle retarded Green’s function is
G(q, ω + iη) =
∑
n
[
|〈0|ψq|n〉|2
ω + iη − ωn0 −
|〈0|ψ†q|n〉|2
ω + iη + ωn0
], (3)
2with bosonic field operator of momentum space ψq and
ψ†q. ωn0 = En − E0, En and |n〉 are system eigenenergy
and eigenstates, respectively.
Here we outline how to get above relation in usual sin-
gle component bosonic system. Firstly we adopt the Lon-
don’s trial wave function to describe the superflow near
ground state [24], namely,
|ψ〉 = ei
∑
i
δθ(ri)|ψ0〉, (4)
where |ψ0〉 is ground state wave function and sum over
all the particle’s position. δθ is real function which de-
notes the phase variation. With the above wave function,
substituting it into the current operator, the resultant
current (superflow) is given by
δj(r) ≡ ρs~∇δθ(r) = ρsδvs, (5)
where we define superfluid velocity as gradient of phase
variation, i.e., δvs ≡ ~∇δθ(r) and superfluid density ρs
as the coefficient before δvs in the current δj(r). On the
other hand, δθ(r) is also phase variation of condensate
order parameter 〈ψ(r)〉 (the amplitude variation of 〈ψ(r)〉
can be neglected near ground state)
δ〈ψ〉 ≡ 〈ψ〉eiδθ(r) − 〈ψ〉 ≃ i〈ψ〉δθ(r), (6)
where 〈ψ〉 ≡ 〈ψ(r)〉 = √n0 is order parameter. We
will see the connection between the above two equations
(eqn.(5) and (6)) would give the Josephson relation.
In order to get the relationship between superfluid den-
sity ρs and condensate density n0, here one need add per-
turbation which couples to the annihilation operator ψ
and its adjoint ψ† [10, 20]
H ′ =
ˆ
d3r[ei(q·r−ωt)+ηtξψ†(r)+e−i(q·r−ωt)+ηtξ∗ψ(r)],
= ξψ†qe
−iωt+ηt + ξ∗ψqe
iωt+ηt, (7)
where ξ is small complex number and we use relation
ψ(r) =
∑
q ψqe
iq·r. Here we add a infinitesimal positive
number η → 0+ in the above exponential which corre-
sponds choosing boundary condition that the perturba-
tion is very slowly added to the system.
We assume initially the system is in the ground state
|0〉, and then slowly turn on perturbation H ′, the wave
function can be written as
ψ(t) =
∑
n
an(t)e
−iEntψn (8)
where an(t → −∞) = δn,0 and Hψn = Enψn, H is
unperturbated Hamiltonian. Using perturbation theory,
we get
ψ(t) ≃ ψ0e−iE0t +
∑
n6=0
an(t)e
−iEntψn,
an(t) =
1
i
ˆ t
−∞
dτH ′n0(τ)e
iωn0τ
=[
ξ〈n|ψ†q|0〉e−i(ω+iη−ωno)t
ω + iη − ωno −
ξ∗〈n|ψq|0〉ei(ω−iη+ωno)t
ω − iη + ωno ],
(9)
where ωn0 = En − E0. The changes of order parameter
〈ψ(r)〉 and current j(r) are
δ〈ψ(r)〉
= ξe−i(ω+iη)t[
〈0|ψ(r)|n〉〈n|ψ†q|0〉
ω + iη − ωn0 −
〈0|ψ†q|n〉〈n|ψ(r)|0〉
ω + iη + ωn0
]
+ ξ∗ei(ω−iη)t[
〈0|ψq|n〉〈n|ψ(r)|0〉
ω − iη − ωn0 −
〈0|ψ(r)|n〉〈n|ψq|0〉
ω − iη + ωn0 ],
δj(r) ≡ δ〈j(r)〉
= ξe−i(ω+iη)t[
〈0|j(r)|n〉〈n|ψ†q|0〉
ω + iη − ωn0 −
〈0|ψ†q|n〉〈n|j(r)|0〉
ω + iη + ωn0
]
+ ξ∗ei(ω−iη)t[
〈0|ψq|n〉〈n|j(r)|0〉
ω − iη − ωn0 −
〈0|j(r)|n〉〈n|ψq|0〉
ω − iη + ωn0 ].
(10)
In the following, we assume the system has translational
invariance. So every eigenstate |n〉 has definite momen-
tum qn, e.g., P|n〉 = qn|n〉 with momentum operator
P =
∑
k kψ
†
kψk. On other hand, from commutation re-
lations
[P, ψ†q]|n〉 = {Pψ†q − ψ†qP}|n〉 = qψ†q|n〉,
[P, ψq]|n〉 = {Pψq − ψqP}|n〉 = −qψq|n〉, (11)
we see ψ†q|n〉 and ψq|n〉 also have definite momenta
which are qn + q and qn − q, respectively. Us-
ing ψ(r) =
∑
q ψqe
iq·r and 〈0|ψq′ |n〉〈n|ψ†q|0〉 =
δq,q′ |〈0|ψq|n〉|2, 〈0|ψ†q|n〉〈n|ψq′ |0〉 = δq,q′ |〈0|ψ†q|n〉|2,
〈0|ψq|n〉〈n|ψq′ |0〉 = δq,−q′〈0|ψq|n〉〈n|ψ−q|0〉,
〈0|ψq′ |n〉〈n|ψq|0〉 = δq,−q′〈0|ψ−q|n〉〈n|ψq|0〉, the
variation of order parameter can be written as
δ〈ψ(r)〉
= ξeiq·r−i(ω+iη)tG(q, ω + iη) + ξ∗e−iq·r+i(ω−iη)tF (q, ω − iη),
G(q, ω + iη) =
∑
n
[
|〈0|ψq|n〉|2
ω + iη − ωn0 −
|〈0|ψ†q|n〉|2
ω + iη + ωn0
],
F (q, ω − iη) =
∑
n
[
〈0|ψq|n〉〈n|ψ−q|0〉
ω − iη − ωn0 −
〈0|ψ−q|n〉〈n|ψq|0〉
ω − iη + ωn0 ].
(12)
Taking zero-frequency of ω ± iη = 0,
δ〈ψ(r)〉 = ξeiq·rG(q, 0) + ξ∗e−iq·rF (q, 0). (13)
For single component interacting bosons, the low energy
excitation is gapless phonon [25, 26]. It can be shown
F (q, 0) = −G(q, 0) as q → 0 [8, 27], so finally
δ〈ψ(r)〉 = G(q, 0)[ξeiq·r − ξ∗e−iq·r]
= 2iαG(q, 0)sin(q · r+ φ),
(14)
where we take ξ ≡ αeiφ.
3Similarly, there is relationship
[Pi, jqj ] = −qijqj, (15)
where i, j = x, y, z and current fluctuation opera-
tor jq =
∑
k[k + q/2]ψ
†
kψk+q. jq|n〉 also has def-
inite momentum qn − q. Using the fact of j(r) =∑
k jke
ik·r and 〈0|jq′ |n〉〈n|ψ†q|0〉 = δq,q′〈0|jq|n〉〈n|ψ†q|0〉,
〈0|ψ†q|n〉〈n|jq′ |0〉 = δq,q′〈0|ψ†q|n〉〈n|jq|0〉, the variation of
current is
δj(r) = ξeiq·r−i(ω+iη)tB(q, ω + iη) + hc, (16)
where hc denotes Hermitian (complex) conjugate and
B(q, ω + iη) ≡
∑
n
[
〈0|jq|n〉〈n|ψ†q|0〉
ω + iη − ωn0 −
〈0|ψ†q|n〉〈n|jq|0〉
ω + iη + ωn0
].
(17)
When ω ± iη = 0,
δ j(r) = [ξeiq·rB(q, 0) + hc]. (18)
Using continuity equation, ωn0(ρq)0n = q · (jq)0n and
ωn0(ρq)n0 = −q · (jq)n0, we can obtain
q ·B(q, 0) = −
∑
n
[〈0|ρq|n〉〈n|ψ†q|0〉 − 〈0|ψ†q|n〉〈n|ρq|0〉]
= −[〈0|ρq, ψ†q]|0〉 = −〈0|ψ†q=0|0〉 = −〈ψ†〉,
(19)
where density fluctuation operator ρq =
∑
k ψ
†
kψk+q. So
q · δj(r) = −[ξeiq·r〈ψ†〉+ hc]. (20)
For isotropic system, further assuming q ‖ B ∝ δj, so
δj(r) = −
√
n0q
q2
[ξeiq·r + ξ∗e−iq·r]
= −√n0 q
q2
2αcos(q · r+ φ) = −
√
n0
q2
~∇δ〈ψ(r)〉
iG(q, 0)
. (21)
Here we further use δ〈ψ(r)〉 = i〈ψ〉δθ, and then get
δj(r) = −〈ψ
†〉
q2
〈ψ〉~∇δθ(r)
G(q, 0)
= −n0
q2
δvs
G(q, 0)
, (22)
where condensate density n0 = 〈ψ†〉〈ψ〉. Using δj(r) ≡
ρsδvs, the Josephson relation for usual single-component
bosons is
ρs = −limq→0 n0
q2G(q, 0)
. (23)
III. GENERAL JOSEPHSON RELATION FOR
MULTIPLE-COMPONENT BOSONS
For multiple-component Bosons (component number is
arbitrary n), we need general perturbation Hamiltonian
H ′ =
ˆ
d3r{ei(q·r−ωt)ψ†(r).ξ + e−i(q· r−ωt)ξ†.ψ(r)},
= ψ†q.ξe
−iωt+ηt + ξ†.ψqe
iωt+ηt, (24)
where we introduce column vector ψ(r) =
{ψ1(r), ψ2(r), ..., ψn(r)}t and ξ = {ξ1, ξ2, ..., ξn}t.
Similarly, using the perturbation theory, we can get the
variation of order parameter 〈ψ(r)〉
δ〈ψσ(r)〉 =
∑
σ′
[eiq·r−i(ω+iη)tGσ,σ′(q, ω + iη)ξσ′
+ e−iq·r+i(ω−iη)tFσ′,σ(q, ω − iη)ξ∗σ′ ],
Gσ,σ′(q, ω + iη)
=
∑
n
[
〈0|ψσq|n〉〈n|ψ†σ′q|0〉
ω + iη − ωn0 −
〈0|ψ†σ′q|n〉〈n|ψσq|0〉
ω + iη + ωn0
],
Fσ′,σ(q, ω − iη)
=
∑
n
[
〈0|ψσ′,q|n〉〈n|ψσ,−q|0〉
ω − iη − ωn0 −
〈0|ψσ,−q|n〉〈n|ψσ′,q|0〉
ω − iη + ωn0 ].
(25)
For multi-component bosons, we assume the system
Hamiltonian has symmetry which is described by some
continuous group. The group has several Hermitian in-
finitesimal generators {Tα} with α = 0, 1, 2, ...,m − 1,
where particularly, T 0 = In×n (unit matrix) denotes the
generator for phase U(1) group in bosons. In the deriva-
tion of Josephson relation, we use the continuity equation
for particle number in above section. In fact, we can in-
vestigate the continuity equations for general conserved
charges, i.e.,
ωn0(ρ
α
q)0n = q · (jαq)0n,
ωn0(ρ
α
q)n0 = −q · (jαq)n0, (26)
where
ραq =
∑
kµν
ψ†µkT
α
µνψνk+q,
jαq =
∑
kµν
[k+ q/2]ψ†µkT
α
µνψνk+q. (27)
Similarly as above, one gets
δjα(r) = eiq·r−i(ω+iη)tBα(q, ω + iη).ξ + hc, (28)
and
Bασ′(q, ω + iη)
=
∑
n
[
〈0|jαq |n〉〈n|ψ†σ′q|0〉
ω + iη − ωn0 −
〈0|ψ†σ′q|n〉〈n|jαq |0〉
ω + iη + ωn0
].
(29)
When ω ± iη = 0,
δ〈ψ(r)〉 = eiq·rG(q, 0).ξ + e−iq·rF t(q, 0).ξ∗,
δjα(r) = eiq·rBα(q, 0).ξ + hc. (30)
Similarly, using continuity equations and assuming q ‖
Bα ∝ δjα for isotropic system, we get
Bα(q, 0) = − q
q2
{〈ψ†1〉, 〈ψ†2〉, ..., 〈ψ†n〉}.Tα. (31)
4Let’s introduce x(r) = eiq·r{ξ1, ξ2, ..., ξn}t, δ〈ψ(r)〉 =
{δ〈ψ1(r)〉, δ〈ψ2(r)〉, ..., δ〈ψn(r)〉}t, we can rewrite the
above equations as(
δ〈ψ(r)〉
δ〈ψ(r)〉∗
)
=
(
G(q, 0) F t(q, 0)
F t∗(q, 0) G∗(q, 0)
)
.
(
x
x∗
)
≡ G.
(
x
x∗
)
,
(32)
and
δjα(r)=− q
q2
( 〈ψ〉t∗ 〈ψ〉t ) .(Tα 0
0 Tα∗
)
.
(
x
x∗
)
, (33)
where we define coefficient matrix G ≡(
G(q, 0) F t(q, 0)
F t∗(q, 0) G∗(q, 0)
)
and one should not confuse
with normal Green’s function G(q, 0). The two equa-
tions (32), (33) are basic equations in this work. In the
following, most discussions are based on them.
In the following, we need to generalize the eq. (6)
to describe general spin currents in multiple-component
case. For such purpose, we assume all the order parame-
ters undergo a specific phase variation generated by T β,
i.e.,
(
δ〈ψ(r)〉
δ〈ψ(r)〉∗
)
=
(
eiδθ
βTβ 0
0 e−iδθ
βTβ∗
)
.
( 〈ψ〉
〈ψ〉∗
)
−
( 〈ψ〉
〈ψ〉∗
)
= iδθβ
(
T β 0
0 −T β∗
)
.
( 〈ψ〉
〈ψ〉∗
)
. (34)
If G has inverse (Det|G| 6= 0), using qx(r) = −i~∇x,
qx∗(r) = i~∇x∗ and eqs. (32,33) we get
δjα(r) = −
~∇δθβ(r)
q2
[〈ψt∗〉, 〈ψ〉t]
.
(
Tα 0
0 −Tα∗
)
.G−1.
(
T β 0
0 −T β∗
)
.
( 〈ψ〉
〈ψ〉∗
)
,
= −δv
β
s
q2
[〈ψ〉t∗, 〈ψ〉t].
.
(
Tα 0
0 −Tα∗
)
.G−1.
(
T β 0
0 −T β∗
)
.
( 〈ψ〉
〈ψ〉∗
)
, (35)
where δvβs ≡ ∇δθβ is superfluid velocity for T β. Using
eq. (5), i.e., δjα(r) ≡ ραβs δvβs , we get generalized Joseph-
son relation for superfluid density
ραβs =limq→0 −
1
q2
[〈ψ〉t∗, 〈ψ〉t].
(
Tα 0
0 −Tα∗
)
.G−1.
(
T β 0
0 −T β∗
)
.
( 〈ψ〉
〈ψ〉∗
)
. (36)
In isotropic case, the superfluid density in orbital space
is like a scalar, i.e., ρs = diag{ραβs , ραβs , ραβs } which does
not depend on q ’s direction. For generally anisotropic
system (for example, the spin-orbital coupled BEC [22]),
the induced current δjα can be expressed in terms of
vector q and a second order tensor m (generally δ jα
is not parallel to q any more), namely
δjαi (r) =
∑
j
mijqj . (37)
In order to get Josephson relation in anisotropic system,
we define the superfluid density ραβs (qˆ) and superfluid
velocity qˆ ·δvβs along qˆ direction, i.e., δjαqˆ (r) ≡ qˆ ·δjα(r) ≡
ραβs (qˆ)(qˆ · δvβs ), qˆ ≡ q/q is unit vector along q direction.
From eq. (30,37), we get
δjαqˆ (r) ≡ qˆ · δjα(r) =
∑
ij
mij qˆiqˆj
= − q
q2
( 〈ψ〉t∗ 〈ψ〉t ) .(Tα 0
0 Tα∗
)
.
(
x
x∗
)
, (38)
which is exactly similar to eq.(33). Taking qx(r) = −iqˆ ·
~∇x, qx∗(r) = iqˆ · ~∇x∗ and eq.(32) into account, so the
following discussions for anisotropic case are same with
that in the isotropic case. Then, from the superfluid
density along arbitrary direction qˆ, i.e.,
ραβs (qˆ) =
∑
ij
ραβs;ij qˆiqˆj , (39)
it is not difficult to construct second order tensor ραβs;ij .
The above discusses show that the superfluid density is
generally second order tensor in internal spin and orbital
space, respectively. When several superfluid velocities
coexist, the super-current can be written as [28]
jαi =
∑
βj
ραβs;ijv
β
s;j , (40)
where index {αβ} is for internal spin space and {ij} is for
external orbit space. We should remark that because the
above results are obtained from the perturbation theory,
the states for above superfluid currents should be not far
from the ground states or thermodynamic equilibrium
states.
IV. DISCUSSIONS
In the above derivation, in order to get the Joseph-
son relation, we use a crucial assumption of δ〈ψσ(r)〉 =
iδθβ(r)
∑
σ′ T
β
σσ′〈ψσ′ 〉 for variations of order parameters.
Such an assumption must be consistent with the linear
equation(
δ〈ψ(r)〉
δ〈ψ(r)〉∗
)
=
(
G(q, 0) F t(q, 0)
F t∗(q, 0) G∗(q, 0)
)
.
(
x
x∗
)
. (41)
In other word, the above equation should have at least
one solution of x in terms of δθβ . According to the num-
ber of solutions, we have several different cases.
5A. unique solution when Det|G| 6= 0
When Det|G| 6= 0, and coefficient matrix G has in-
verse, we always have unique solution for arbitrary or-
der prameter variation δ〈ψ〉. An example is the non-
interacting Bose gas where the anomalous Green’s func-
tion F ≡ 0 [27]. The normal Green’s function G(q, ω) =
1/(ω − q2/2 + µ), here µ is chemical potential. So the
superfluid density for non-interacting Bose-Einstein con-
densate (µ = 0 for condensate) is condensate density n0
ρ00s =
−1
q2 (〈ψ〉t∗, 〈ψ〉t).σz .G−1.σz.
( 〈ψ〉
〈ψ〉∗
)
= −1q2 (〈ψ〉t∗, 〈ψ〉t).
(−q2/2 0
0 −q2/2
)
.
( 〈ψ〉
〈ψ〉∗
)
= n0, (42)
where order parameter 〈ψ〉 = √n0 and the generator
T 0 = 1 for phase U(1) group in single component case.
This formula resolves an evident contradiction that if we
apply usual Josephson’s relation of Eq. (23) to non-
interacting Bose gas, we only get an half of particles
which has superfluidity.
For two-component bosons, we assume the order pa-
rameter is 〈ψ〉 = {√n0/
√
2,
√
n0/
√
2}t. The system has
U(2) symmetry. The group generators are T 0 = I2×2,
T 1 = σx, T
2 = σy and T
3 = σz . The non-vanishing
superfluid density matrix elements are
ρααs = n0,
ρ01s = ρ
10
s = n0. (43)
B. infinite solutions when Det|G| = 0
According to the theory of linear equations, when
Det|G| = 0, and the rank of augmented matrix of G : b
(b =
(
iT β.〈ψ〉
−iT β∗.〈ψ〉∗
)
) is equal to rank of coefficient matrix
G, we have infinite solutions. In the following, we list
several examples.
1. Rank(G)=1
When system has unique gapless excitation near
ground state, e.g., phonon, the Josephson relation can
be extended to multi-component system by phase op-
erator method. In such case, generally speaking, the
rank of coefficient matrix Rank(G) = 1. Here we know
near the ground states, the phonon’s excitation corre-
sponds to total density oscillation. Due to presence of
condensate, the density oscillation would couple with
condensate phase oscillation. Furthermore, all the com-
ponents should share a common phase variation, i.e.,
δθσ(r) = δθ(r). On the other hand, near ground state,
the field operators can be expressed in terms of phase
operator [27]
ψσ(r) =
√
n0,σe
iθσ(r), (44)
where n0,σ is condensate density of σ−th component and
condensate density is given by n0 =
∑n
σ=1 n0,σ. For long
wave length phonon, the variation of phase is small (the
variations of amplitudes can be neglected), so we can get
δψσ(r) =
√
n0,σδe
iθσ(r) = i〈ψσ〉δθ(r). (45)
From the above equation, we get the field operators in
momentum space
ψσ,q = i〈ψσ〉θq,
ψ†σ,q = −i〈ψ†σ〉θ†q = −i〈ψ†σ〉θ−q.
ψσ,−q = i〈ψσ〉θ−q,
ψ†σ,−q = −i〈ψ†σ〉θ†−q = −i〈ψ†σ〉θq, (46)
where we use θ†q = θ−q for real phase field θ(r) . From
definitions of the G and F in eq.(25), we get
Gσ,σ′(q, 0) = −Z〈ψσ〉〈ψ†σ′ 〉,
Fσ′,σ(q, 0) = Z〈ψσ′〉〈ψσ〉, (47)
where Z ≡ ∑n[ 〈0|θq|n〉〈n|θ−q|0〉ωn0 + 〈0|θ−q|n〉〈n|θq|0〉ωn0 ] ≥ 0
is a real number. Consequently, the variations for or-
der parameters can be assumed as δ〈ψσ〉 = i〈ψσ〉δθ.
For such variations, one can verify Det|G| = 0 and the
rank(G)=rank(G:b)= 1 < 2n, so we have infinite solu-
tions in eq. (32).
From eqs.(32) and (33), we get
iδθ(r) = −Z
∑
σ
[〈ψ†σ〉xσ − 〈ψσ〉x∗σ ]
= −Z
∑
σ
2iασsin(q · r+ φσ),
δj(r) = − q
q2
∑
σ
[〈ψ†σ〉xσ + 〈ψσ〉x∗σ ],
= − q
q2
∑
σ
[2ασcos(q · r+ φσ)] =
~∇δθ(r)
q2Z
=
δvs
q2Z
,
(48)
where we take 〈ψ†σ〉ξσ ≡ ασeiφσ and use (〈ψσ〉)∗ = 〈ψ†σ〉.
So the superfluid density is
ρ00s =
1
q2Z
. (49)
On the other hand, we know
∑
σ〈ψ†σ〉〈ψσ〉 = n0,
trG(q, 0) ≡
∑
σ
Gσ,σ(q, 0) = −Zn0. (50)
So finally we get the Josephson relation for Rank(G) = 1
ρ00s = −limq→0
n0
q2trG(q, 0)
, (51)
6where G(q, 0) is normal Green’s function at zero-
frequency. When the number of component n = 1, the
above equation is reduced to the usual Josephson rela-
tion for single component bosons (see eq. (23)). In the
above discuss, we assume the symmetry group for Hamil-
tonian is phase U(1) group whose unique generator is
T 0 = In×n. The above formula for superfluid density
can be applied to two-component spin-orbit coupled BEC
[21] . Within Bogoliubov approximation, the above re-
sults for superfluid density are consistent with the results
from current-current correlation calculations [22, 29].
2. Two-component interacting bosons
Another example for Det|G| = 0 is the two component
bosons. The Hamiltonian for two component bosons [30,
31] is
H =
ˆ
d3r
∑
σ=1,2
ψ†α[
p2
2m
− µ]ψα + Vint,
Vint =
1
2
ˆ
d3r1d
3r2
×
∑
α,β=1,2
ψ†α(r1)ψ
†
β(r2)Vαβ(|r1 − r2|)ψβ(r2)ψα(r1),
(52)
where Vαβ are interaction potentials between atoms, and
we assume Vαβ = Vβα and are real. ψ1(2) are two com-
ponent bosonic field operators. m is atomic mass and
µ is chemical potential. In the following, we set mass
m = ~ = 1.
Here we generalize perturbation theory of quantum
field [34, 35] to two-component bosons (see Appendix A)
. When Bose-Einstein condensation occurs in bosonic sys-
tem, the field operators would take non-vanishing mean
values, e.g.,
〈ψ〉 =
( 〈ψ1〉
〈ψ2〉
)
=
(
ξ1
ξ2
)
=
( √
n1√
n2
)
, (53)
where nσ=1,2 is condensate density for spin-up and spin-
down component and n1 + n2 = n0 gives the total con-
densate density.
First of all, similar to single component bosons, a
generalized Hugenholtz-Pines relation [32] hold (see Ap-
pendix B), i.e.,(
µ 0
0 µ
)
=
(
Σ11,11(0, 0) Σ11,12(0, 0)
Σ11,21(0, 0) Σ11,22(0, 0)
)
−
(
Σ20,11(0, 0) Σ20,12(0, 0)
Σ20,21(0, 0) Σ20,22(0, 0)
)
, (54)
where Σ11(0, 0) (Σ20(0, 0)) are 2×2 normal (anomalous)
self-energy matrix at zero momentum-frequency, the sec-
ond pair of subscripts are spin-indexes for external non-
condensate particle lines.
In the Appendix C, for general interaction strengthes
in Hamiltonian eq. (52), we show there are two phonon’s
excitations with linear dispersion
ω1(q) = s1q,
ω2(q) = s2q, (55)
as q → 0. At the zero-frequency of ω± iη = 0 and q → 0,
we find the leading terms of normal (anomalous) Green’s
function matrix elements are real and satisfy
Fαβ(q, 0) = −Gαβ(q, 0) ∝ 1/q2. (56)
The above result is very similar to single-component case
where F (q, 0) = −G(q, 0).
For general case of V11 6= V12 6= V22, the system has
phase U(1) and spin rotation symmetries generated by T 0
and T 3 = σz. For both variations of δ〈ψ〉 specified by T 0
and T 3 in Eq. (34), one can verify that Det|G| = 0 , the
rank(G)=rank(G:b)= 2 < 4, we have infinite solutions
in eq. (32).
From these results and eqs. (32), (33), we can get the
Josephson relation for two component bosons immedi-
ately
ρ00s = limq→0
−1
q2
(〈ψ1〉∗, 〈ψ2〉∗).G−1(q, 0).
(〈ψ1〉
〈ψ2〉
)
,
ρ03s
= limq→0
−1
q2
(〈ψ1〉∗, 〈ψ2〉∗).G−1(q, 0).σz .
(〈ψ1〉
〈ψ2〉
)
,
ρ30s
= limq→0
−1
q2
(〈ψ1〉∗, 〈ψ2〉∗).σz .G−1(q, 0).
(〈ψ1〉
〈ψ2〉
)
,
ρ33s
= limq→0
−1
q2
(〈ψ1〉∗, 〈ψ2〉∗).σz .G−1(q, 0).σz.
(〈ψ1〉
〈ψ2〉
)
.
(57)
Here ρ03s = ρ
03
s is due to Gαβ(q, 0) = Gβα(q, 0) (see eq.
(A25) in Appendix A).
When interaction strengths are all equal (V11 = V12 =
V22), the system has U(2) symmetry, the group generator
are T 0, T 1, T 2 and T 3. Order parameter for bosons is
also U(2) degeneracy. Then we can take
〈ψ〉 =
√
n0√
2
(
1
1
)
, (58)
for example without loss generality. Within Bogoliubov
approximation, it is shown that there exist two branches
of gapless excitations. One is linear phonon ω1(q) ∼ q as
q → 0, the other one has quadratic dispersion ω2(q) ∼ q2
[30, 36].
In the appendix D, we show existence of above two
types of excitations (one is linear phonon, another
is quadratic dispersion) in U(2) invariant interaction
7bosons for arbitrary orders of perturbation theory. Fur-
thermore, at the zero-frequency and as q → 0, the
Green’s functions satisfy
G11(q, 0) = G22(q, 0),
G12(q, 0) = G21(q, 0),
F11(q, 0) = F22(q, 0),
F12(q, 0) = F21(q, 0),
F11(q, 0) + F12(q, 0)
= −[G11(q, 0) +G12(q, 0)] ∝ 1/q2. (59)
One can verify Det|G| = 0 and the
rank(G)=rank(G:b)= 3 < 4, we also have infinite
solutions in eq. (32). Using the eqs.(32), (33), we get
non-vanishing superfluid densities for U(2) invariant
interaction bosons
ρ00s = ρ
10
s = ρ
01
s = ρ
11
s
=limq→0
−1
q2
(〈ψ1〉∗, 〈ψ2〉∗).G−1(q, 0).
(〈ψ1〉
〈ψ2〉
)
,
= limq→0
−n0
q2[G11(q, 0) +G12(q, 0)]
,
ρ22s = limq→0
−n0
q2[G11(q, 0) + F11(q, 0)]
,
ρ33s = limq→0
n0
q2[G12(q, 0) + F11(q, 0)]
,
= limq→0
−n0
q2[G11(q, 0) + F12(q, 0)]
. (60)
At the last step in above equation, we use eq.(59).
V. SUMMARY
In conclusions, we investigate the Josephson rela-
tion for general conserved charges in multiple-component
bosons. When there are several conserved charges, gen-
erally speaking, the superfluid density is second order
tensor in internal spin space. From the linear response
theory, we give a general formula to discuss the Joseph-
son relation. Once the relations between the normal
and anomalous Green’s functions are known, based on
the general formula, the Josephson relation can be es-
tablished. To be specific, when there is an unique gap-
less excitation, the Josephson relation is obtained by us-
ing phase operator method. For two component bosons,
we show a generalized Hugenholtz-Pines relation hold
and existence of two branches of phonon excitation.
For U(2) invariant interaction bosons, there exists one
branch of quadratic dispersion excitations no matter how
strong the interactions are. Our work provides insights
for understanding the superfluid properties of complex
multiple-component bosonic system.
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Appendix A: General formalism for two-component
bosons
The Hamiltonian for two component Bosons is [30, 31]
H =
ˆ
d3r
∑
α=1,2
ψ†α[
p2
2m
− µ]ψα + Vint,
Vint =
1
2
ˆ
d3r1d
3r2∑
αβ=1,2
ψ†α(r1)ψ
†
β(r2)Vαβ(r1 − r2)ψβ(r2)ψα(r1),
(A1)
where Vαβ are interactions between atoms, and we as-
sume Vαβ = Vβα. ψ1(2) are two component bosonic field
operators. m is atomic mass and µ is chemical potential.
Here we generalize quantum field method [34] to two-
component Bosons. When Bose-Einstein condensation
occurs at zero-momentum in bosonic system, the field
operators would take non-vanishing mean values, e.g.,
〈ψ〉 =
( 〈ψ1(r)〉
〈ψ2(r)〉
)
=
(
ξ1
ξ2
)
=
( √
n1√
n2
)
, (A2)
where nσ=1,2 are condensate density for spin-up and spin-
down component and n1+n2 = n0 gives the total conden-
sate density. The next step is taking the Bogoliubov sub-
stitution for field operators in Hamiltonian of eq. (A1),
(
ψ1(r)
ψ2(r)
)
=
(
ξ1 + φ1(r)
ξ2 + φ2(r)
)
, (A3)
where field operator φ1(2)(r) has excluded the zero-
momentum component.
After substitution with eq.(A3), the original Hamilto-
8nian eq.(A1) becomes
H → K ≡ K0 + Vint,
K0 =
ˆ
d3r
∑
σ=1,2
φ†σ(r)[
p2
2
− µ]φσ(r)− µ[n1 + n2],
Vint = E0 + V1 + V2 + V3 + V4 + V5 + V6 + V7,
E0 =
1
2
[n21V11(0) + 2n1n2V12(0) + n
2
2V22(0)],
V1 =
1
2
ˆ
d3r1d
3r2
∑
αβ
ξ∗αξ
∗
βVαβ(r1, r2)φβ(r2)φα(r1),
V2 =
1
2
ˆ
d3r1d
3r2
∑
αβ
ξαξβφ
†
α(r1)φ
†
β(r2)Vαβ(r1 − r2),
V3 = 2(
1
2
)
ˆ
d3r1d
3r2
∑
αβ
ξαξ
∗
βφ
†
α(r1)Vαβ(r1 − r2)φβ(r2),
V4 = 2(
1
2
)
ˆ
d3r1d
3r2
∑
αβ
ξ∗βξβφ
†
α(r1)Vαβ(r1 − r2)φα(r1),
V5 = 2(
1
2
)
ˆ
d3r1d
3r2
∑
αβ
ξβφ
†
α(r1)φ
†
β(r2)Vαβ(r1 − r2)φα(r1),
V6 = 2(
1
2
)
ˆ
d3r1d
3r2
∑
αβ
ξ∗βφ
†
α(r1)Vαβ(r1 − r2)φβ(r2)φα(r2),
V7 =
1
2
ˆ
d3r1d
3r2
∑
αβ
φ†α(r1)φ
†
β(r2)Vαβ(r1 − r2)φβ(r2)φα(r1),
(A4)
where d3r ≡ drxdrydrz and we set volume V = 1, m = 1.
If operator φ1(2)(r) acts on the non-interacting ground
state, it gives zero. So Wick theorem for field opera-
tors can apply in two-component bosonic system. The
figure.1 shows the various interaction processes in two-
component boson condensate. The wavy line denotes
the interaction between bosons Vαβ(r1−r2), the entering
(leaving) dashed-lines represent the condensate factors ξ∗α
(ξα).
α β
βα βα
α β
βα
βα βα βα
βα
βα
α α
αααα
β β
ββββ
Vαβ
Vαβ
Vαβ VαβVαβ
Vαβ Vαβ
Vαβ
( )Ε
0
( )V1 ( )V2
( )V3
( )V7( )V6( )V4 ( )V5
FIG. 1: (Color online) The interaction processes in two-
component condensate.
Similar to usual single-component bosons [35], we can
define the normal Green’s function
Gαβ(x, y) ≡ −i〈O|T [φα(x)φ†β(y)]|O〉
≡ { −i〈O|φα(x)φ
†
β(y)|O〉, tx > ty
−i〈O|φ†β(y)φα(x)|O〉, tx < ty
(A5)
where x ≡ {rx, tx} is space-time coordinate, T is time
ordering operator and |O〉 is exact ground state of K in
Heisenberg picture. The operator A(t) = eiKtASe
−iKt
is also in Heisenberg picture and AS is operator in
Schro¨dinger picture.
The anomalous Green’s functions are
Fαβ(x, y) ≡ −i〈O|T [φα(x)φβ(y)]|O〉
≡ { −i〈O|φα(x)φβ(y)|O〉, tx > ty−i〈O|φβ(y)φα(x)|O〉, tx < ty (A6)
and
F+αβ(x, y) ≡ −i〈O|T [φ†α(x)φ†β(y)]|O〉
≡ { −i〈O|φ
†
α(x)φ
†
β(y)|O〉, tx > ty
−i〈O|φ†β(y)φ†α(x)|O〉, tx < ty.
(A7)
From the definitions, we can see
Fαβ(x, y) = Fβα(y, x),
F+αβ(x, y) = F
+
βα(y, x). (A8)
The above Green’s functions can be calculated in inter-
action picture, e.g.,
Gαβ(x, y) = −i
〈T [φ˜α(x)φ˜†β(y)S(−∞,∞)]〉
〈S(−∞,∞)〉 ,
Fαβ(p) = −i 〈T [φ˜α(x)φ˜β(y)S(−∞,∞)]〉〈S(−∞,∞)〉 ,
F+αβ(p) = −i
〈T [φ˜†α(x)φ˜†β(y)S(−∞,∞)]〉
〈S(−∞,∞)〉 , (A9)
where 〈...〉 denotes taking the average with respect to
the non-interacting ground state. The operator A˜(t) =
eiK0tASe
−iK0t is operator in interaction picture and
S(−∞,∞)
=
∑
n
(−i)n
n!
ˆ ∞
−∞
dt1dt2...dtn〈T [V˜int(t1)V˜int(t2)...V˜int(tn)]〉,
(A10)
where V˜int(t) = e
iK0tVinte
−iK0t.
The above Green’s functions can also be written as
the perturbation series. The every order correction term
can be similarly represented by Feynman diagram. The
Feynman rules for perturbation series are similar to usual
single component bosons except that there are more ad-
ditional interaction lines and vertices entailing spin in-
dexes. The normal Green’s function Gαβ(x, y) can be
represented by a thick solid line with two arrows of same
directions (see figure.3). The anomalous Green’s func-
tions F or F+ are represented with thick lines with
two arrows with opposite directions (see figure.3). One
should notes that the interactions do not flip spins (see
figure.1). For every diagram, entering line number for
spin-α is always equal to its leaving line number. The
9condensate factors ξ∗α (ξα) are represented by entering
(leaving) dashed-lines. In coordinate space, the Feyn-
man rules for n-th order corrections of Green’s function
are listed here:
(a):label each vertex with 4-coordinates {xi} and spin
index {αi};
(b): draw all the possible topological inequivalent con-
nected diagrams (within such diagrams, a diagram could
not be obtained from other diagrams by exchanging inter-
nal variables xi, αi ←→ xj , αj) with n interaction lines;
(c): every wavy line represents the interaction poten-
tial Uαβ(x1 − x2) ≡ Vαβ(r1 − r2)δ(t1 − t2);
(d): every thin solid line represents the Green’s func-
tion G0αβ(x, y) of non-interacting bosons;
(e): integral over all the internal space-time variables
{xi};
(g): multiply a factor from condensate lines
(ξ∗1ξ1)
s1(ξ∗2ξ2)
s2 , where s1(2) is the leaving condensate
line for spin-up(down);
(f): sum over all the internal spin-index {αi};
(g): finally multiply a factor in−s1−s2 .
In bosonic system, apart from the normal self-
energy Σ11;αβ(x, y), there are two anomalous self-energies
Σ20;αβ(x, y) and Σ02;αβ(x, y). Here the first number in
the first pair of subscripts denotes the number of enter-
ing non-condensate external lines, the second one labels
the number of leaving non-condensate lines [34]. While
the second pair of subscripts denotes the spin-index for
external lines. So the Green’s function G,F, F+ and self
energy Σ11,Σ20,Σ02 are all 2× 2 matrices in spin space.
The diagram representations for various self-energies are
shown in figure. 2.
= + +
x,α y,β x,α y,β x ,x,αy,βx ,x ,x,α x , y,β
= +
x,α y,β x ,x,αy,βx ,x ,x,α x , y,β
= +
x,α y,β x ,x,αy,βx ,x ,x,α x , y,β
Σ ( , )11 αβ； x y
x,α y,β x,α y,β x,α y,β
Σ ( , )20 αβ； x y Σ ( , )02 αβ； x y
F x yαβ( , )
F x yαβ( , )
G x yαβ( , )
x,α y,β
G x yαβ( , )
FIG. 2: (Color online) the self-energy diagram.
Taking spin-indexes into account, the Dyson-Beliaev’s
equation for Green’s functions [33, 34] can be written as
Gαβ(x, y) = G
0
αβ(x, y)
+
∑
δ1δ2
ˆ
dx1dx2[G
0
αδ1(x, x1)Σ11;δ1δ2(x1, x2)Gδ2β(x2, y)
+G0αδ1(x, x1)Σ20;δ1δ2(x1, x2)F
+
δ2β
(x2, y)],
Fαβ(x, y)
=
∑
δ1δ2
ˆ
dx1dx2[G
0
αδ1(x, x1)Σ11;δ1δ2(x1, x2)Fδ2β(x2, y)
+G0αδ1(x, x1)Σ20;δ1δ2(x1, x2)Gβδ2(y, x2)],
F+αβ(x, y)
=
∑
δ1δ2
ˆ
dx1dx2[G
0
δ1α(x1, x)Σ11;δ2δ1(x2, x1)F
+
δ2β
(x2, y)
+G0δ1α(x1, x)Σ02;δ1δ2(x1, x2)Gδ2β(x2, y)], (A11)
where dx ≡ drxdrydrzdtx. The figure.3 shows the Dyson-
Beliaev’s equation in diagram form.
= + +
x,α y,β x,α y,β x ,1 δ1x,αy,βx ,2 δ2x ,1 δ1x,α x ,2 δ2 y,β
= +
x,α y,β x ,1 δ1x,αy,βx ,2 δ2x ,1 δ1x,α x ,2 δ2 y,β
= +
x,α y,β x ,1 δ1x,αy,βx ,2 δ2x ,1 δ1x,α x ,2 δ2 y,β
Σ ( , )11 αβ x y
x,α y,β x,α y,β x,α y,β
Σ ( , )20 αβ x y Σ ( , )02 αβ x y
F x y
+
αβ( , )
F x yαβ( , )
G x yαβ( , )
x,α y,β
G x yαβ( , )
FIG. 3: (Color online) Dyson-Beliaev’s equation in diagram
from.
For uniform system, the Green’s functions are func-
tions of coordinate difference, i.e.,
Gαβ(x, y) = Gαβ(x− y),
Fαβ(x, y) = Fαβ(x− y),
F+αβ(x, y) = F
+
αβ(x− y). (A12)
In the 4-momentum space of p ≡ {q, ω}, i.e.,
Gαβ(x, y) =
1
(2π)4
ˆ
dpGαβ(p)e
ip(x−y),
Fαβ(x, y) =
1
(2π)4
ˆ
dpFαβ(p)e
ip(x−y),
F+αβ(x, y) =
1
(2π)4
ˆ
dpF+αβ(p)e
ip(x−y),
Uαβ(x1 − x2) = 1
(2π)4
ˆ
dpUαβ(p)e
ip(x−y),
Uαβ(p) =
ˆ
dxUαβ(x) = Vαβ(q), (A13)
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where dp ≡ d3qdt and px ≡ q · rx − ωtx, the Green’s
functions are
Gαβ(p)=
∑
n
[
〈O|φα,q|n〉〈n|φ†β,q|O〉
ω + iη − ωn0 −
〈O|φ†β,q|n〉〈n|φα,q|O〉
ω − iη + ωn0 ],
Fαβ(p) = Fβα(−p)
=
∑
n
[
〈O|φα,q|n〉〈n|φβ,−q|O〉
ω + iη − ωn0 −
〈O|φβ,−q|n〉〈n|φα,q|O〉
ω − iη + ωn0 ],
F+αβ(p) = F
+
βα(−p)
=
∑
n
[
〈O|φ†α,−q|n〉n|φ†β,q|O〉
ω + iη − ωn0 −
〈O|φ†β,q|n〉〈n|φ†α,−q|O〉
ω − iη + ωn0 ],
(A14)
where excitation energy ωn0 ≡ En−E0. En, |n〉 are exact
eigenenergy and eigenstates of K, respectively. For uni-
form system, the Dyson-Beliaev’s equation can be writ-
ten in momentum space
G(p) = G0(p) +G0(p)Σ11(p)G(p) +G
0(p)Σ20(p)F
+(p),
F (p) = G0(p)Σ11(p)F (p) +G
0(p)Σ20(p)G
t(−p),
F+(p) = G0t(−p)Σt11(−p)F+(p) +G0t(−p)Σ02(p)G(p),
(A15)
whereAt denote the matrix transpose ofA. Furthermore,
we can write the Dyson-Beliaev’s equation in more com-
pact way. Let’s first define the column field operator
Ψ(x) =


φ1(x)
φ2(x)
φ†1(x)
φ†2(x)

 . (A16)
The above Green’s functions of Eqs.(A5), (A6) and (A7)
can be written as [35]
Gα,β(x, y) = −i〈O|T [Ψα(x)Ψ†β(y)]|O〉. (A17)
The Dyson-Beliaev’s equation is taken the usual Dyson’s
equation form
G(x, y) = G0(x, y) +G0(x, x1)Σ(x1, x2)G(x2, y),
(A18)
and
G(x, y) =
(
G(x, y) F (x, y)
F+(x, y) Gt(y, x)
)
4×4
,
Σ(x, y) =
(
Σ11(x, y) Σ20(x, y)
Σ02(x, y) Σ
t
11(y, x)
)
4×4
. (A19)
In uniform system, we apply a Fourier transformation to
above equation; we get the Dyson-Beliaev’s equation in
4-momentum space
G(p) = G0(p) +G0(p)Σ(p)G(p), (A20)
where
G0(p) = diag
{ 1
ω + iη − q22 + µ
,
1
ω + iη − q22 + µ
,
1
−ω + iη − q22 + µ
,
1
−ω + iη − q22 + µ
}, (A21)
and
G(p) =
(
G(p) F (p)
F+(p) Gt(−p)
)
4×4
,
Σ(p) =
(
Σ11(p) Σ20(p)
Σ02(p) Σ
t
11(−p)
)
4×4
. (A22)
From the above equation, we get the self-energy in terms
of Green’s function
Σ(p) = (G0(p))−1 −G−1(p). (A23)
From the above eqs. (A23) and eq.(A14), the anomalous
self-energy satisfy
Σ20;βα(−p) = Σ20;αβ(p),
Σ02;βα(−p) = Σ02;αβ(p). (A24)
In momentum space, the Feynman rules for n-th order
corrections of Green’s function are:
(a): draw all the possible topological inequivalent con-
nected diagrams with n interaction lines;
(b): label each vertex with spin index {αi}; assign a
direction for every line; at every vertex, the momenta are
conserved;
(c): every directed thin solid line represents the
Green’s function G0αβ(p) =
δαβ
ω+iη−q2/2+µ of non-
interacting bosons;
(d): every wavy line represents interaction potential
Uαβ(p) ≡ Vαβ(q);
(e): integral all the momenta which could not be deter-
mined by momentum conservation; for every momentum
integral, multiply a factor 1(2pi)4 ;
(f): multiply a factor from condensate lines
(ξ∗1ξ1)
s1(ξ∗2ξ2)
s2 , where s1(2) is the leaving condensate
lines for spin-up(down);
(g): sum over all the internal spin-indexes {αi};
(h): finally multiply a factor in−s1−s2 .
Because the Hamiltonian K is real in the Fock space
of momentum, the eigen-states of K, i.e., |n〉 are all real.
So the matrix elements of aq, a
†
q between arbitrary two
eigen-states 〈m|aq|n〉 or 〈m|a†q|n〉 can be taken as real
[27]. From eq. (A14), we get
Gαβ(p) = Gβα(p),
F+αβ(−p) = Fαβ(p). (A25)
At zero-frequency of ω ± iη = 0, all the above Green’s
functions of eqs.(A14) in momentum space are real. Us-
ing equation (A23) and (A25), we furthermore get that
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the self-energy satisfy
Σ11;αβ(p) = Σ11;βα(p),
Σ02;αβ(−p) = Σ20,αβ(p). (A26)
The Green’s function can be expressed in term of self-
energy
G(p) = (I−G0(p)Σ(p))−1G0(p). (A27)
Using the properties of self-energy eqs. (A24) and (A26),
the self-energy matrix can be written as
Σ(p) =


Σ11;11(p) Σ11;12(p) Σ20;11(p) Σ20;12(p)
Σ11;12(p) Σ11;22(p) Σ20;12(−p) Σ20;22(p)
Σ20;11(p) Σ20;12(−p) Σ11;11(−p) Σ11;12(−p)
Σ20;12(p) Σ20;22(p) Σ11;12(−p) Σ11;22(−p)

 .
(A28)
The ground state energy (grand potential) is
Ω(µ, n1, n2) = 〈O|K|O〉. (A29)
Here there are three parameters, µ, n1 and n2. They are
determined by particle number equation
n = n0 +
∑
α
ˆ
d3riGαα(rt, rt+ 0+), (A30)
and minimized conditions of ground state energy with
respect to n1 and n2, i.e.,
∂Ω
∂n1
= 0,⇒ µ = 〈∂Vint
∂n1
〉,
∂Ω
∂n2
= 0,⇒ µ = 〈∂Vint
∂n2
〉. (A31)
Appendix B: generalized Hugenholtz-Pines relation
Next let’s show a generalized Hugenholtz-Pines rela-
tion hold for two component bosons. Similar to single-
component bosons, a crucial point is to note that the
self-energy diagrams at zero momentum-frequency can
be obtained from diagrams of interaction energy through
replacing two condensate lines with their corresponding
non-condensate lines (with same spin-indexes and p = 0)
[32, 34]. 〈Vint〉m1,m2,m3;{s1,s˜1},{s2,s˜2} denotes the m− th
order corrections to interaction energy from diagrams
with m1+m2+m3 = m+1 interaction lines (because di-
agrams which contribute m-th corrections for interaction
energy have m+1 interaction lines in total), e.g., m1 V11
lines, m2 V12 lines, m3 V22 lines, s1(2) entering conden-
sate line for spin-up (down) and s˜1(2) leaving condensate
line for spin-up (down). Because the interactions do not
flip the spins, the number of entering condensate lines
s1(2) should be equal to that of leaving condensate lines
s˜1(2), i.e.,
s˜1 = s1,
s˜2 = s2. (B1)
So there are a (ξ∗1ξ1)
s1(ξ∗2ξ2)
s2 = ns11 n
s2
2 factor in such
diagram of 〈Vint〉m1,m2,m3;{s1,s˜1},{s2,s˜2} . From Eq.(A31),
the chemical potential can be written as
µ =
∑
m1,m2,m3,s1,s2
s1
n1
〈Vint〉m1,m2,m2;{s1,s1},{s2,s2},
µ =
∑
m1,m2,m3,s1,s2
s2
n2
〈Vint〉m1,m2,m2;{s1,s1},{s2,s2}. (B2)
In addition, the diagrams which
have m + 1-th order corrections
((Σ11,11(0, 0))m+1;m1,m2,m3;{s1−1,s1−1},{s2,s2}) to nor-
mal self-energy can be obtained from diagrams of
〈Vint〉m1,m2,m2;{s1,s1},{s2,s2} by replacing a entering
condensate line ξ∗1 and a leaving condensate line ξ1 of
spin-up (see figure.2). There are s1 × s1 ways to re-
place. For every diagram of 〈Vint〉m1,m2,m2;{s1,s1},{s2,s2},
there are s1 × s1 corresponding diagrams to contribute
to (Σ11,11(0, 0))m+1;m1,m2,m3;{s1,s1},{s2,s2} . So the
self-energy Σ11;11(0, 0) can be written as
Σ11;11(0, 0)
=
∑
m1,m2,m3,s1,s2
(Σ11,11(0, 0))m+1;m1,m2,m3;{s1−1,s1−1},{s2,s2}
=
∑
m1,m2,m3,s1,s2
s21
n1
〈Vint〉m1,m2,m2;{s1,s1},{s2,s2}. (B3)
The anomalous self-energy correc-
tions from m + 1-th order perturbation
(Σ20,11(0, 0))m+1;m1,m2,m3;{s1−2,s1},{s2,s2} can be
obtained from 〈Vint〉m1,m2,m2;{s1,s1},{s2,s2} by replacing
two entering condensate lines ξ∗1 of spin-up (see figure.2).
For every diagram of 〈Vint〉m1,m2,m2;{s1,s1},{s2,s2}, there
are s1 × (s1 − 1) corresponding diagrams to contribute
to (Σ20,11(0, 0))m+1;m1,m2,m3;{s1−2,s1},{s2,s2} , so the
self-energy Σ20;11(0, 0) is
Σ20;11(0, 0)
=
∑
m1,m2,m3,s1,s2
(Σ20,11(0, 0))m+1;m1,m2,m3;{s1−2,s1},{s2,s2}
=
∑
m1,m2,m3,s1,s2
s21 − s1
n1
〈Vint〉m1,m2,m2;{s1,s1},{s2,s2}.
(B4)
Comparing eq. (B3), (B4) with (B2), we get [34]
µ = Σ11,11(0, 0)− Σ20,11(0, 0). (B5)
Similarly, we also get
µ = Σ11,22(0, 0)− Σ20,22(0, 0). (B6)
As for off-diagonal self-energy Σ11,12(0, 0), we can
get the m + 1-th order corrections of diagrams
Σ11,12(0, 0)m+1;m1,m2,m3;{s1−1,s1};{s2,s2−1} by replacing
one entering condensate line ξ∗1 and one leaving conden-
sate line ξ2 from diagrams of 〈Vint〉m1,m2,m2;{s1,s1},{s2,s2}.
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For every diagram of 〈Vint〉m1,m2,m2;{s1,s1},{s2,s2}, there
are s1s2 corresponding diagrams which have contribu-
tions to self-energy, so the self-energy Σ11;12(0, 0)
Σ11;12(0, 0)
=
∑
m1,m2,m3,s1,s2
(Σ11,12(0, 0))m+1;{s1−1,s1},{s2,s2−1}
=
∑
m1,m2,m3,s1,s2
s1s2√
n1n2
〈Vint〉m1,m2,m2;{s1,s1},{s2,s2}.
(B7)
Based on the similar reasons, we have
Σ20;12(0, 0)
=
∑
m1,m2,m3,s1,s2
s1s2√
n1n2
〈Vint〉m1,m2,m2;{s1,s1},{s2,s2}.
(B8)
From the above eq.(B7) and (B8), we have
Σ11;12(0, 0)− Σ20,12(0, 0) = 0. (B9)
Similarly,
Σ11;21(0, 0)− Σ20,21(0, 0) = 0. (B10)
So the generalized Hugenholtz-Pines relation(
µ 0
0 µ
)
=
(
Σ11,11(0, 0) Σ11,12(0, 0)
Σ11,21(0, 0) Σ11,22(0, 0)
)
−
(
Σ20,11(0, 0) Σ20,12(0, 0)
Σ20,21(0, 0) Σ20,22(0, 0)
)
(B11)
hold. Similarly, we also have(
µ 0
0 µ
)
=
(
Σ11,11(0, 0) Σ11,12(0, 0)
Σ11,21(0, 0) Σ11,22(0, 0)
)
−
(
Σ02,11(0, 0) Σ02,12(0, 0)
Σ02,21(0, 0) Σ02,22(0, 0)
)
. (B12)
The generalized Hugenholtz-Pines relation has also been
discussed in polar phase for spin-1 Bose-Einstein conden-
sate [37] and for explicitly broken SO(N) (SU(N)) sym-
metry case [38].
Appendix C: Two branch phonon excitations
Note that the Hamiltonian is invariant with respect to
transformation
ak → a−k, a†k → a†−k, (C1)
so the Green’s functions and self-energies are also invari-
ant under the transformation k → −k [8]. Taking the
isotropy of system into account, so the Green’s functions
and self-energies should depend on the q only through q2.
In the following, we assume the self-energy Σ(q, ω) can
be expanded as series in terms of ω and q2 near Σ(0, 0)
[27], i.e.,
Σ11,11(p) = Σ11,11(0, 0) + a111ω + a112ω
2 + a113q
2,
Σ11,12(p) = Σ11,12(0, 0) + a121ω + a122ω
2 + a123q
2,
Σ11,22(p) = Σ11,22(0, 0) + a221ω + a222ω
2 + a223q
2,
Σ20,11(p) = Σ11,11(0, 0) + b112ω
2 + b113q
2,
Σ20,12(p) = Σ20,12(0, 0) + b121ω + b122ω
2 + b123q
2,
Σ20,22(p) = Σ20,22(0, 0) + b222ω
2 + b223q
2. (C2)
Due to Σ20,αα(p) = Σ20,αα(−p) (see eq.(A24)), the di-
agonal elements of anomalous self-energy have no lin-
ear terms in ω. Substituting the above expansion in
the Green’s function eq.(A27) and using the Hugenholtz-
Pines relation eq.(B11), from the poles of Green’s func-
tion, i.e.,
Det[I−G0(q, ω)Σ(q, ω)] = 0, (C3)
we generally get two branch phonon excitations with lin-
ear dispersion, i.e.,
ω1(q) = s1q,
ω2(q) = s2q, (C4)
where s1(2) are two sound velocities. At the zero-
frequency of ω ± iη = 0, from the eq.(A27), we find the
leading terms of Green’s functions satisfy
Fαβ(q, 0) = −Gαβ(q, 0) ∝ 1/q2. (C5)
The above result is very similar to single-component case
where F (q, 0) = −G(q, 0) as q → 0. At the zero-
frequency, we note that here the time-ordering Green’s
functions are exactly same to the retarded Green’s func-
tions appeared in main text.
Appendix D: existence of quadratic dispersion
excitation for U(2) invariant interactions
When interaction strength are all equal V11 = V12 =
V22, the whole system has U(2) symmetry. The order
parameter for BEC has U(2) degeneracy, we can take
〈ψ〉 =
√
n0√
2
(
1
1
)
, (D1)
for example without loss generality. Within Bogoliubov
method, one can get two branch gapless excitations, one
is linear phonon ω1(q) ∼ q as q → 0, the other is
quadratic dispersion ω2(q) ∼ q2 [30, 36]. In the follow-
ing, we will show the existence of above two types of
excitations up to arbitrary order of perturbation theory.
Let’s first prove that the diagonal elements and off-
diagonal elements of anomalous self-energy are equal at
p = {q, ω} = 0, i.e.,
Σ20;11(0, 0) = Σ20;12(0, 0) = Σ20;22(0, 0). (D2)
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From the diagrams of 〈Vint〉m1,m2,m3;{s1,s1},{s2,s2}
which have m-th order corrections to interac-
tion energy, we replace two entering condensate
lines of spin-up, i.e., ξ∗1 , we get diagrams of
(Σ20;11(0, 0))m+1;m1,m2,m3,{s1−2,s1},{s2,s2}. The con-
tribution of Σ20;12(0, 0)m+1;m1,m2,m3,{s1−1,s1},{s2−1,s2}
can be obtained from 〈Vint〉m1,m2,m3;{s1,s1},{s2,s2} by
replacing one entering condensate line of spin-up (ξ∗1 )
and a entering line of spin-down (ξ∗2)(see figure.2).
Let’s focus on a class of diagrams with s1 + s2 = s
pair condensate lines in total. First of all, for very dia-
gram in which all the condensate lines are spin-up, e.g.,
labeling them as 〈Vint〉m,{s,s},{0,0}, there are s ∗ (s − 1)
corresponding diagrams to contribute to Σ20;11(0, 0), 0
diagram to contribute Σ20;12(0, 0). Next let’s move to
the diagrams which have s − 1 pair condensate lines of
spin-up and 1 pair condensate line of spin-down, i.e., di-
agrams of 〈Vint〉m,{s−1,s−1},{1,1}. However, for every dia-
gram of 〈Vint〉m,{s,s},{0,0}, there are C1s corresponding di-
agrams of 〈Vint〉m,{s−1,s−1},{1,1}. So for every diagram of
〈Vint〉m,{s,s},{0,0}, there are C1s (s−1)∗(s−2) diagrams in
total to contribute to Σ20;11(0, 0); C
1
s (s− 1) ∗ 1 diagrams
have contributions in Σ20;12(0, 0). Similarly going on de-
creasing the pair number of condensate lines of spin-up,
till all s pair condensate lines are for spin-down compo-
nent. Then we get the total number of the diagrams to
contribute Σ20;11(0, 0) and Σ20;12(0, 0) respectively
N1 =
s∑
m=0
Cms (s−m)(s−m− 1) = s(s− 1)2s−2,
N2 =
s∑
m=0
Cms (s−m)(m) = s(s− 1)2s−2, (D3)
and they are equal. Due to the equivalence between spin-
up and spin-down components and equal interactions,
every diagram has same contribution in their respective
self-energies. So we conclude
Σ20;11(0, 0) = Σ20;12(0, 0) = Σ20;22(0, 0). (D4)
For U(2) invariant interaction bosons, due to the equiv-
alence between spin-up and spin-down components, diag-
onal matrix elements of self-energies are equal and self-
energies are symmetric matrices, i.e.,
Σ11;11(p) = Σ11;22(p),
Σ11;12(p) = Σ11;21(p),
Σ20;11(p) = Σ20;22(p),
Σ20;12(p) = Σ20;21(p). (D5)
Consequently the linear terms in ω are vanishing in the
expansion of the anomalous self-energy near p = {0, 0}.
In additions, due to the above symmetric properties of
self-energies, the Green’s functions also have symmetric
properties, i.e.,
G11(p) = G22(p),
G12(p) = G21(p),
F11(p) = F22(p),
F12(p) = F21(p),
F+11(p) = F
+
22(p),
F+12(p) = F
+
21(p). (D6)
From the eq.(C3), we get two equations for poles of
Green’s function
[−ω + q2/2− µ+Σ11;11(p) + Σ11;12(p)]
[ω + q2/2− µ+Σ11;11(−p) + Σ11;12(−p)]
= [Σ20;11(p) + Σ20;12(p)]
2,
[−ω + q2/2− µ+Σ11;11(p)− Σ11;12(p)]
[ω + q2/2− µ+Σ11;11(−p)− Σ11;12(−p)]
= [Σ20;11(p)− Σ20;12(p)]2. (D7)
Further using the generalized Hugenholtz-Pines relation
eq.(B11), expansion of self-energies eq.(C2), eq. (D4)
and the absence of linear terms of ω in the expansion
of the anomalous self-energy (Σ20;11(12)), the first equa-
tion gives a phonon ω1(q) ∼ q; the second equation gives
ω2(q) ∼ q2 . So there are always the quadratic disper-
sion excitation in U(2) invariant interaction bosons. As
q → 0, we find the Green’s functions satisfy
F11(q, 0) + F12(q, 0) = −[G11(q, 0) +G12(q, 0)] ∝ 1/q2.
(D8)
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